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A Remark on the Moduli
of the Roots of Algebraic Equations

Dragomir M. Simeunović

Abstract. In this paper we obtain several upper bounds of the moduli
of the roots of the algebraic equations.

The bounds of the moduli of the roots of the algebraic equations were
investigated by many authors (see e.g. [1], [2], [3], [4]).

In this paper, for the algebraic equation

(1) zn + a1z
n−1 + a2z

n−2 + · · · + an−1z + an = 0,

the following theorems are proved. In the next let

(2) Ak = |ak|, k = 1, 2, . . . , n.

Theorem 1. Let

(3) M1 = max(Ak − Ak−1), k = 2, 3, . . . , n.

Then the upper bound for the moduli of the roots of the equation (1) is

(B1) 1 + A1, if M1 ≤ 0,

(B2)
2 + A1 +

√
A 2

1 + 4M1

2
, if M1 > 0.

Theorem 2. Let

(4) M2 = max(Ak − A1), k = 2, 3, . . . , n

and

(5) M3 = max
(

Ak − A1

k − 1

)
, k = 2, 3, . . . , n.

Then the upper bound for the moduli of the roots of the equation (1) is

(B3) 1 + A1, if M2 ≤ 0,

(B4)
1 + A1 +

√
(1 + A1)2 + 4M2

2
, if M2 > 0,
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(B5) 1 + A1, if M3 ≤ 0,

(B6)
2 + A1 +

√
A 2

1 + 4M3

2
, if M3 > 0.

Proof of Theorem 1. First, note that for r > 1 we have the following rela-
tions

(6)
1
r

+
1
r2

+ · · · + 1
rn

+ · · · =
1

r − 1
,

(7)
1
r

+
2
r2

+ · · · + n

rn
+ · · · =

r

(r − 1)2
,

(8)
1
rk

=
1

(r − 1)rk−1
− 1

(r − 1)rk
, k = 1, 2, . . . , n,

which we shall use in the proof of the previous theorems.
Let z = reθi (0 ≤ θ < 2π) the root of the equation (1), where

(9) |z| = r.

Taking into account (2) and (9), from (1) we obtain the inequality

(10) 1 ≤ A1

r
+

A2

r2
+ · · · + An−1

rn−1
+

An

rn
.

In view of (8), the inequality (10) reduces to

1 ≤ A1

r − 1
+

1
r − 1

(
A2 − A1

r
+

A3 − A2

r2
+ · · · + An − An−1

rn−1

)
− An

(r − 1)rn

wherefrom we obtain

(11) 1 <
A1

r − 1
+

1
r − 1

(
A2 − A1

r
+

A3 − A2

r2
+ · · · + An − An−1

rn−1

)
.

For M1 ≤ 0, because of (3), (11) reduces to

1 <
A1

r − 1
,

wherefrom follows
r < 1 + A1,

which represents the proof of (B1).
For M1 > 0, in view of (3) and (6), (11) reduces to

1 <
A1

r − 1
+

M1

r − 1

(
1
r

+
1
r2

+ · · · + 1
rn−1

)
<

A1

r − 1
+

M1

r − 1

(
1
r

+
1
r2

+ · · · + 1
rn−1

+ · · ·
)

=
A1

r − 1
+

M1

(r − 1)2
,

wherefrom follows that

(12) 1 <
A1

r − 1
+

M1

(r − 1)2
.
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From (12) we obtain

r <
2 + A1 +

√
A 2

1 + 4M1

2
,

which represents the proof of (B2). �

Proof of Theorem 2. Inequality (10) can be written in the form

1 ≤ A2 − A1

r2
+

A3 − A1

r3
+ · · · + An − A1

rn
+ A1

(
1
r

+
1
r2

+ · · · + 1
rn

)
,

wherefrom, because of (6) we have

1 <
1
r

(
A2 − A1

r
+

A3 − A1

r2
+ · · · + An − A1

rn−1

)
+A1

(
1
r

+
1
r2

+ · · · + 1
rn

+ · · ·
)

=
A1

r − 1
+

1
r

(
A2 − A1

r
+

A3 − A1

r2
+ · · · + An − A1

rn−1

)
,

which means that

(13) 1 <
A1

r − 1
+

1
r

(
A2 − A1

r
+

A3 − A1

r2
+ · · · + An − A1

rn−1

)
.

For M2 ≤ 0, (13) reduces to

1 <
A1

r − 1
,

wherefrom we obtain
r < 1 + A1,

which concludes the proof of (B2).
For M2 > 0, because of (4) and (6), from inequality (13) we obtain

1 <
A1

r − 1
+

M2

r

(
1
r

+
1
r2

+ · · · + 1
rn−1

)
<

A1

r − 1
+

M2

r

(
1
r

+
1
r2

+ · · · + 1
rn−1

+ · · ·
)

=
A1

r − 1
+

M2

r(r − 1)
,

that is

(14) 1 <
A1

r − 1
+

M2

r(r − 1)
.

From (14) we obtain

r <
1 + A1 +

√
(1 + A1)2 + 4M2

2
,

which represents the proof of (B4).
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The inequality (13) can be written in the form

(15) 1 <
A1

r − 1
+

1
r

(
A2 − A1

1
1
r

+
A3 − A1

2
2
r2

+ · · · + An − A1

n − 1
n − 1
rn−1

)
.

For M3 ≤ 0, from (15) we have

1 <
A1

r − 1
,

wherefrom we obtain
r < 1 + A1,

which represents the proof of (B5).
For M3 > 0, because (5) and (7), (15) reduces to

1 <
A1

r − 1
+

M3

r

(
1
r

+
2
r2

+ · · · + n − 1
rn−1

)
<

A1

r − 1
+

M3

r

(
1
r

+
2
r2

+ · · · + n − 1
rn−1

+ · · ·
)

=
A1

r − 1
+

M3

(r − 1)2
,

that is

(16) 1 <
A1

r − 1
+

M3

(r − 1)2
.

From (16) we obtain

r <
2 + A1 +

√
A 2

1 + 4M3

2
,

which represents the proof of (B6). �

Theorem 3. Let

(17) M4 = max
(

Ak − Ak−1

k − 1

)
, k = 2, 3, . . . , n.

Then the upper bound of the moduli of the roots of the equation (1) is

(B7) 1 + A1, if M4 ≤ 0,

(B8) s, if M4 > 0,

where s > 1 is the root of the equation

(18) (r − 1)3 − A1(r − 1)2 − M4(r − 1) − M4 = 0.

Proof. Inequality (11) can be written in the form
(19)

1 <
A1

r−1
+

1
r−1

(
A2−A1

1
1
r

+
A3−A2

2
2
r2

+ · · · + An−An−1

n − 1
n − 1
rn−1

)
.

For M ≤ 0, from (19) we have

1 <
A1

r − 1
,
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wherefrom we obtain
r < 1 + A1,

which represents the proof of (B7).
For M4 > 0, because (17) and (7), (19) reduces to

1 <
A1

r − 1
+

M4

r − 1

(
1
r

+
2
r2

+ · · · + n − 1
rn−1

)
<

A1

r − 1
+

M4

r − 1

(
1
r

+
2
r2

+ · · · + n − 1
rn−1

+ · · ·
)

=
A1

r − 1
+

M4r

(r − 1)3
,

that is

(20) 1 <
A1

r − 1
+

M4r

(r − 1)3
.

From (20) we obtain

(r − 1)3 − A1(r − 1)2 − M4(r − 1) − M4 < 0,

wherefrom we conclude that root s > 1 of the equation (18) is the upper
bound of the moduli of the roots of the equation (1), which represents the
proof of (B8). �
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