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A Remark on the Moduli
of the Roots of Algebraic Equations

DRAGOMIR M. SIMEUNOVIC

ABSTRACT. In this paper we obtain several upper bounds of the moduli
of the roots of the algebraic equations.

The bounds of the moduli of the roots of the algebraic equations were
investigated by many authors (see e.g. 1], [2], [3], [4])-
In this paper, for the algebraic equation

(1) a2 P a4 an_12 4 an =0,

the following theorems are proved. In the next let

(2) A = lag|, k=1,2,...,n.

Theorem 1. Let

(3) M, = max(Ap — Ag—1), k=2,3,...,n.

Then the upper bound for the moduli of the roots of the equation (1) is
(B1) 1+ Ay, if My <0,

(B2) 2t At V2A12+4M1, it M, > 0.

Theorem 2. Let
(4) My = max(A, — A1), k=2,3,...,n

and

(5) M = max (Ak_Al

k=23,...,n.

k _ 1 > b ) 37 b n

Then the upper bound for the moduli of the roots of the equation (1) is
(B3) 14 Ayg, if M3 <0,

1+A1+\/(1—|—A1)2+4M2
2

(Ba) L if My > 0,
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(135) 1+ Ay, if M3 <0,
2
(B@) 2+A1+\2/A1 +4M3,ifM3>0.

Proof of Theorem 1. First, note that for » > 1 we have the following rela-
tions

1 1 1 1
6 — N P JE— fry
(6) T+’I”2+ +r”+ r—1’
(7) T P

r o r2 n (r—1)%

1 1 1

8 — = — k=12 ...
®) ko (r—=1)rk=1 (r—1)rk’ 24y Th

which we shall use in the proof of the previous theorems.
Let z = re? (0 < 0 < 27) the root of the equation (1), where

(9) |2 =
Taking into account (2) and (9), from (

4 A
(10) LS g oot

1) we obtain the inequality
-Anfl -An

rn—1 rn'

2
r
In view of (8), the inequality (10) reduces to

A 1 [Ay— A As—A A, — A, A,
L 2=M A=A 1\
r—1 r—1 r 2 (

wherefrom we obtain

A 1 [Ay—A A3—A Ap — Ap—
(11) 1o o 2 1+322_~_”_+71'
r—1 r—1 r r
For M; <0, because of (3), (11) reduces to
Ay

r—1’

1<

1<

wherefrom follows
r<l+4+ A,

which represents the proof of (By).
For M; > 0, in view of (3) and (6), (11) reduces to

jo A Mot L]
r—1 r—1\r 1r2 rn—1
Ay My <1 1 1 n > Ay My

< + St
r T

r—1 r—1

wherefrom follows that

Tnfl

141 A4i
12 1 .
(12) <r—1+(r—1)2
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From (12) we obtain

. 2+ Ay +AZ +4M,
2 )

which represents the proof of (Bs).

Proof of Theorem 2. Inequality (10) can be written in the form

Ay— A1 Ay — A A, — A 11 1
1< 22 L 1+',,+"n1+A1<+2+...+n>’
r r3 r roor r

wherefrom, because of (6) we have

1 (Ay— Ay Az— A A — A
<2 1, As 1+...+1>

1<
r r r2 rn—1

11 1
FA =
r r r

A 1Ay —A; A3—-A A, — A
_ 4 +< 2 1A L 1)’

r—1 r r r2 rn—l

which means that
A 1/A4,— A A3 — A A, — A
1 +< 2 1+ 32 1+-~+ n_11>'
r—1 r r rh

For My <0, (13) reduces to

(13) 1<

Aq
r—1’

1<

wherefrom we obtain
r<l+ Al,

which concludes the proof of (Bs).
For My > 0, because of (4) and (6), from inequality (13) we obtain

A My(1 1 1
1<t +2<+T2+--~+ )

r—1 r \r rn—1
Ay n My (1 " 1 n n 1 n B Ay n M
r—1 r \r r? rn—1 Cr—1 r(r—1)
that is
A M.
(14) 1< L 4 2

r—1 r(r—1)
From (14) we obtain

< 1+A1+\/(1+A1)2+4MQ
9 >

which represents the proof of (By).
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The inequality (13) can be written in the form

(15) 1< A1 +1<A2A11+A3A1 2 +AnA1’I’L1)

r—1 r 1 r 2 2 n—1 rn-l
For M3 <0, from (15) we have

Ay
SroU

wherefrom we obtain
r<l+4 Ay,

which represents the proof of (Bs).
For M3 > 0, because (5) and (7), (15) reduces to

1< N +M%1+2+m+n—ﬁ
r—1 ro\r 2 n—1
Ay A@(gkz Ln-1 >: A, My
r—1 r \r 12 n—1 r—1 (r—1)%
that is
(16) p A, M

From (16) we obtain

. 2+ A1+ \AZ +4M;
2 )

which represents the proof of (Bg).

Theorem 3. Let

A — Ap_
(17) My =max | ZF_TF1) p_93 .. n
k—1
Then the upper bound of the moduli of the roots of the equation (1) is
(B7) 1+A15 ZfM4§05
(Bs) s, if My >0,
where s > 1 is the root of the equation
(18) (r—1)% — Ay(r — 1) — My(r —1) — My = 0.
Proof. Inequality (11) can be written in the form
(19)
Al 1 A2_A1 1 Ag—AQ 2 An_An—l n—1
1 = Z o4 i
A R < I 72 2 n—1 o7l

For M <0, from (19) we have
A

1< —,
r—1
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wherefrom we obtain
r<l+ Al,

which represents the proof of (By).
For My > 0, because (17) and (7), (19) reduces to

A1 M4 1 2 n—1
1< + —+ S5+ F
r r

r—1 r—1 rn—l
< Ay + M, <1_|_2_|_..._|_n1+...): A1 + Myr
r—1 r—1\r 12 rn-l r—1 (r—1)3"
that is
(20) 1o A M

r—1 (r—1)3"
From (20) we obtain
(r—1)% = Ay(r —1)% = My(r —1) — My <0,

wherefrom we conclude that root s > 1 of the equation (18) is the upper
bound of the moduli of the roots of the equation (1), which represents the
proof of (Bs). O
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